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ABSTRACT

In this paper, the author has formulated a standard quadratic congruence of composite modulus- a
product of two different powered odd primes and eight. The solutions can be obtained very easily
using this formulation. No such formulation is available in the literature of mathematics. These
congruence have sixteen incongruent solutions for an odd positive integer but have eight incongruent
solutions for an even positive integer mentioned in the congruence.
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INTRODUCTION
The congruence of the type x> = a (mod m), m any composite positive integer, is a standard
quadratic congruence of composite modulus. If a is a quadratic residue of m, it is solvable. If it
is solvable, then it can be written as: x? = a? (mod m)[1].
In this paper, the author wishes to take m = 8p™q"; p, q are different positive odd primes and
m, n are positive integers.

PROBLEM-STATEMENT

The problem is “To formulate the solutions of the standard quadratic congruence
x% = a? (mod 8p™q™), p, q are odd primes witha # p, a # q.

LITERATURE REVIEW
The method of finding solutions of the stated quadratic congruence or any type of formulation
is not found in the literature of mathematics except the author’s formulation of some of
standard quadratic congruence [4]. Even the readers can use the
Familiar Chinese Remainder Theorem (CRT) [2]. The author found the clue of this quadratic
congruence in the book of Koshy [3].

ANALYSIS & RESULTS
Consider the congruence under consideration: x> = a? (mod 8p™q"), p, q odd primes.
Case-I: Let a be an odd positive integer.
Then for solutions consider x = 2p™q"k + a (mod 8.p™q");k =0,1,2, .....
So, x? = (2p™q"k + a)? (mod 8.p™q")
= (2p™q"k )? + 2.2p™q"k.a + a* (mod 8.p™q™)
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= 4p™q"k(p™q™k £+ a) + a? (mod 8.p™q™)
= 4p™q"k (2t) + a? (mod 8.p™q™)
= a?(mod 8.p™q").
Therefore, x = 2p™q"k + a (mod 8.p™q™") are the solutions of the congruence.
But for k = 4, the solutions reduces to x = 2p™q".4 + a (mod 8.p™q™)
= 8p™q™ *+ a (mod 8p™q™)
= t+a (mod 8p™q™).
These are the same solutions as for k = 0.
Also the solutions repeat for k = 5,6,7 ... ... asfork=1,2,3..
Thus, the eight solutions are given by
x =2p™q"k + a (mod 8.p™q");k =0,1,2,3.
For the remaining eight solutions, consider x = +(2p™k + a) (mod 8p™q™).
x? = (2p™k + a)? (mod 8p™q")
= (2p™k)? £ 2.2p™k.a + a? (mod 8p™q™)
= 4p™k (p™k + a) + a? (mod 8p™q")
= 4p™k(2q™t) + a? (mod 8p™q™)
= a? (mod 8p™q™), if k(p™k + a) = 2q™t.
For different values of k, this gives the remaining eight solutions of the congruence.
Case-11: Let a be an even positive integer.
Then for solutions consider x = 4p™q"k + a (mod 8.p™q");k =0,1,2, .....
So, x? = (4p™q"k + a )? (mod 8.p™q")
= (4p™q"k )? + 2.4p™q"k.a + a? (mod 8.p™q™)
= 8p™q"k(2 p™q"k £+ a) + a® (mod 8.p™q™)
= 4p™q"k (t) + a® (mod 8.p™q")
= a?(mod 8.p™q").
Therefore, x = 4p™q"k + a (mod 8.p™q™") are the solutions of the congruence.
But for k = 2, the solutions reduces to x = 2p™q".4 + a (mod 8.p™q™)
= 8p™q"™ + a (mod 8p™q™)
= t+a (mod 8p™q™).
These are the same solutions as for k = 0.
Also the solutions repeat for k = 3,4 ... ... asfork=1,2,...
Thus, the four solutions are given by: x = 4p™q"k + a (mod 8.p™q¢™); k =0, 1.
For the remaining four solutions, consider x = +(2p™k + a) (mod 8p™q™).
x? = (2p™k £+ a)? (mod 8p™q™)
= (2p™k)? + 2.2p™k.a + a® (mod 8p™q"™)
= 4p™k (p™k + a) + a? (mod 8p™q")
= 4p™k(2q™t) + a? (mod 8p™q™)
= a? (mod 8p™q™), if k(p™k + a) = 2q"t.
For different values of k, this gives the remaining four solutions of the congruence.
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ILLUSTRATIONS
Example-1: Consider the congruence x2 = 1 (mod 1800).
Here, 1800 = 8.25.9 = 8.5%.3% and 1 = 12
So, the congruence can be written as x?> = 12 (mod 8.52.32).
It is of the type x? = a? (mod 8.p™.q™) witha=1,p =5,q = 3.
Therefore, it has sixteen solutions.
The eight solutions are given by
x = 2p™q"k + a (mod 8.p™q");k =0,1,2,3.

= 2.52.3%k + 1 (mod 8.52.3%)

= 450k + 1 (mod 1800)

=0+1;450+1; 900 £ 1;1350 + 1 (mod 81800)

=1,1799; 449,451;899,901; 1349,1351 (mod 1800)
The remaining eight solutions are given by
x = +(2p™k + a) (mod 8p™q™), if k(p™k + a) = 2q™t.
= +(2.5%k + 1) (mod 8.5%.3%), if K(5%k+1) =2.3%t
= 4+(50k £ 1) (mod 1800) if k(25k + 1) = 18¢t.
But for k = 4,5, 13,14, it is seen that
4(254—-1) =18t;5(125+ 1) = 18t; 13(325—-1) = 18t; 14(350 + 1) = 18t.
Therefore the required solutions are
x = +(504 —1) =+199 = 199,1601 (mod 1800).
x = +(50.5+4+ 1) = +251 = 251, 1549 (1mod 1800).
x = 1(50.13 — 1) = £649 = 649,1151 (mod 1800).
x = +(50.15+ 1) = £701 = 701, 1099 (mod 1800).
Therefore, all the sixteen solutions are
x = 1,1799; 449,451;899,901; 1349,1351;

199,1601; 251, 1549;649,1151; 701, 1099 (mmod 1800)
Example-2: Consider the congruence x2 = 4 (mod 1800).
Here, 1800 = 8.25.9 = 8.52.32 and 4 = 22.

So, the congruence can be written as x> = 22 (mod 8.52.32).
It is of the type x? = a? (mod 8.p™.q™) witha = 2,p =5,q = 3.
Therefore, it has eight solutions.
The four solutions are given by
x = 4p™q"k + a (mod 8.p™q"); k =0, 1.
4.52.3%k £+ 1 (mod 8.52.3%)
= 900k + 2 (mod 1800)
=0 2; 900 + 1 (mod 1800)
= 2,1798;898,902 (mod 1800)
The remaining four solutions are given by
x = +(2p™k + a) (mod 8p™q™), if k(p™k + a) = 2q™t.
= +(2.5%k + 1) (mod 8.5%.3%), if K(5%k+1) =2.3%t
= +(50k £ 1) (mod 1800) if k(25k + 1) = 18t.
But for k = 8,10 it is seen that
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4(25.4—-1) =18t; 5(125+ 1) = 18t; 13(325—1) = 18t; 14(350+ 1) = 18t.
Therefore the required solutions are
x = +(50.8 — 2) = +£398 = 398,1402 (mod 1800).
x = +(50.10 + 2) = +502 = 502,1298 (mod 1800).
Therefore, all the eight solutions are
x = 2,1798;898,902;398,1402; 502,1298 (mod 1800).

CONCLUSION
Therefore it can be concluded that the congruence under consideration:

x% = a? (mod 8.p™.q™) with p,q odd primes has exactly sixteen solutions; the eight are given
by x = 2p™q"k + a (mod 8.p™q™); k = 0,1, 2,3 and the remaining eight are given by x =
+(2p™k + a) (mod 8p™q™), it k(p™k + a) = 2q™t, if ais an odd prime integer.

Also, the said congruence has exactly eight solutions; the four are given by
X =4p™q"k + a (mod 8.p™q™); k = 0,1 and the remaining four are given by
x = +(2p™k + a) (mod 8p™q™), if k(p™k + a) = 2q™t, if ais an even prime integer.

MERIT OF THE PAPER
The congruence under consideration is formulated and solutions can be obtained very easily.
This is the merit of the paper.
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