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ABSTRACT 

In this paper, two special standard quadratic congruence of composite modulus of modulo 

2𝑝 𝑎𝑛𝑑 4𝑝, 𝑝 𝑏𝑒𝑖𝑛𝑔 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒, are studied for finding solutions. The author has discussed the available 

suitable methods for it. It is found that the first congruence has exactly one solution while the second hasexactly 

two solutions in two different cases. Here, the author used his own formulation to find the solutions easily.  
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INTRODUCTION 

  In [1] the standard quadratic congruence of prime modulus is prominently discussed. In {2], [3], the standard 

quadratic congruence of prime and composite modulus are discussed. They used the Chinese Remainder 

Theorem. But no formulation is presented. 

It is also seen that all the solvable standard quadratic congruence of prime modulus has exactly two incongruent 

solutions [1]. But the congruence of composite modulus have at least four incongruent solutions [2]. Knowing 

these, the author started thinking of the congruence of composite modulus for a single solution; also, for a 

congruence of composite modulus having exactly two incongruent solutions. 

In this paper, the author discussed such congruence of composite modulus. He found two such congruence. 

 

PROBLEM-STATEMENT 

            Here the problem of study is “To discuss the finding of solutions of the congruence: 

(1) 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 , 𝑝 𝑏𝑒𝑖𝑛𝑔 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒; 

(2) 𝑥2 ≡ 𝑝   𝑚𝑜𝑑 4𝑝 , 𝑝 𝑏𝑒𝑖𝑛𝑔 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒 𝑤𝑖𝑡ℎ 𝑝 ≡ 1  𝑚𝑜𝑑 4 ; 

(3) 𝑥2 ≡ 3𝑝   𝑚𝑜𝑑 4𝑝 , 𝑝 𝑏𝑒𝑖𝑛𝑔 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒 𝑤𝑖𝑡ℎ 𝑝 ≡ 3  𝑚𝑜𝑑 4 . " 

 

LITERATURE REVIEW 

In the literature of mathematics, such types of congruence are not discussed for solutions. Also, no formulation 

for finding solutions is seen. Even nonumerical example is found.The author already has published his research 

papers on the congruence of the sametype [4], [5], [6].And from these background, the author insisted to 

formulate the present congruence. 

ANALYSIS & RESULTS 

The author wishes to discuss the existed method to find the solutions of the congruence. 

EXISTED METHOD 

The original congruence:𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 , can be split into two congruence as 

𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2 …………… . . (1) 

𝑥2 ≡ 𝑝  𝑚𝑜𝑑 𝑝 ……………………(2) 
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Congruence (1) reduces to 𝑥2 ≡ 1  𝑚𝑜𝑑 2  𝑤𝑖𝑡ℎ 𝑡𝑤𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑥 ≡ ±1  𝑚𝑜𝑑 2 . 

𝑖. 𝑒.  𝑥 ≡ 1, 2 − 1 (𝑚𝑜𝑑 2) 

≡ 1, 1 (𝑚𝑜𝑑 2) 

≡ 1 (𝑚𝑜𝑑 2) 

Therefore the congruence has exactly one incongruent solution. 

Congruence (2) reduces to 𝑥2 ≡ 0  𝑚𝑜𝑑 𝑝  𝑤𝑖𝑡ℎ 𝑠𝑖𝑛𝑔𝑙𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥 ≡ 𝑝  𝑚𝑜𝑑 𝑝 . 

𝑖. 𝑒.  𝑥 ≡ 𝑝  𝑚𝑜𝑑 𝑝 . 

Thus, it is easily concluded that the original congruence has exactly (1.1 = 1) one incongruent solution [1]. 

The common solution of the congruence can now be obtained using CRT method. 

(1) Now consider the second congruence:  

𝑥2 ≡ 𝑝  𝑚𝑜𝑑 4𝑝 , 𝑝  𝑏𝑒𝑖𝑛𝑔 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒. 

It can also be split into two congruence: 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 4 …………… . . (3) 

𝑥2 ≡ 𝑝  𝑚𝑜𝑑 𝑝 ……………………(4) 

Congruence (3) has exactly two incongruent solutions while the congruence (4) has a unique solution. 

Therefore, the original congruence must have (2.1 = 2) two incongruent solutions.  The common solutions of 

the congruence can now be obtained using CRT method. 

Similarly, the third congruence can also be treated and solutions can be obtained only for 𝑝 ≡ 3  𝑚𝑜𝑑 4 . 

AUTHOR’S FORMULATION 

(1) Consider the first congruence under consideration: 

𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 , 𝑝 𝑏𝑒𝑖𝑛𝑔 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒. 

 

For its solution, consider the expression:𝑝2 − 𝑝. 

It is seen that 𝑝2 − 𝑝 = 𝑝 𝑝 − 1  

= 𝑝. 2𝑡 

                                      ≡ 0  𝑚𝑜𝑑 2𝑝 , as p odd prime, p-1 is even. 

Thus, 𝑝2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 . 

Therefore, 𝑥 ≡ 𝑝 (𝑚𝑜𝑑 2𝑝) satisfies the congruence 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 . 

Hence, it must be a solution of the said congruence. 

It is also tested and found that the congruence has no other solutions. It is well understood in the following 

discussion. 

Now consider the congruence: 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 4𝑝 . 

Let 𝑝 ≡ 1  𝑚𝑜𝑑 4 . Then 𝑝 − 1 = 4𝑡, 𝑡 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

Therefore, 𝑝2 − 𝑝 = 𝑝 𝑝 − 1 = 𝑝. 4𝑡 ≡ 0  𝑚𝑜𝑑 4𝑝 . 

So, 𝑥 ≡ ± 𝑝  𝑚𝑜𝑑 4𝑝  satisfies the congruence 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 4𝑝 . 

Hence it gives two solutions of the congruence and no other possibility is found. And it is seen that such 

congruence always has two solutions. 

Also, for the congruence 𝑥2 ≡ 3𝑝  𝑚𝑜𝑑 4𝑝  𝑤𝑖𝑡ℎ 𝑝 ≡ 3  𝑚𝑜𝑑 4 . 

Consider 𝑥 ≡ ±𝑝  𝑚𝑜𝑑 4𝑝 . 

Then 𝑝2 − 3𝑝 = 𝑝 𝑝 − 3 = 𝑝. 4𝑡 ≡ 0  𝑚𝑜𝑑 4𝑝 . 

Therefore, 𝑥 ≡ ±𝑝 (𝑚𝑜𝑑 4𝑝) are the two solutions of the congruence. 

 

ILLUSTRATIONS 

Example-1: Consider the congruence 𝑥2 ≡ 29  𝑚𝑜𝑑 58 . 

As 29 is an odd prime and 58 = 2.29, the congruence can be written as 

𝑥2 ≡ 29  𝑚𝑜𝑑 2.29 . 

It is of the type: 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 . 
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It has a single solution given by 𝑥 ≡ 𝑝 (𝑚𝑜𝑑 2𝑝) 

≡ 29 (𝑚𝑜𝑑 2.29) 

≡ 29  𝑚𝑜𝑑 58 . 

Example-2: Consider the congruence 𝑥2 ≡ 503 (𝑚𝑜𝑑 1006) 

It can be written as 𝑥2 ≡ 503 (𝑚𝑜𝑑 4.503) 

It is of the type 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 𝑤𝑖𝑡ℎ 𝑝 = 503. 

It has exactly one solution 𝑥 ≡ 𝑝 (𝑚𝑜𝑑 2𝑝) 

≡ 503 (𝑚𝑜𝑑 2.503) 

≡ 503  𝑚𝑜𝑑 1006 . 

Example-3: Consider the congruence 𝑥2 ≡ 37  𝑚𝑜𝑑 148 . 

It can be written as 𝑥2 ≡ 37  𝑚𝑜𝑑 4.37 . 

It is of the type 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 4𝑝 𝑤𝑖𝑡ℎ 𝑝 = 37. 

It has exactly two incongruent solutions:𝑥 ≡ ±37 (𝑚𝑜𝑑 148) 

≡ 37, 148 − 37 (𝑚𝑜𝑑 148) 

≡ 37, 111  𝑚𝑜𝑑 148 . 

Example-4: Consider the congruence 𝑥2 ≡ 41  𝑚𝑜𝑑 164 . 

It can be written as 𝑥2 ≡ 41  𝑚𝑜𝑑 4.41 . 

It is of the type 𝑥2 ≡ 𝑝  𝑚𝑜𝑑 4𝑝 𝑤𝑖𝑡ℎ 𝑝 = 41. 

The two incongruent solutions: 𝑥 ≡ ±41 (𝑚𝑜𝑑 164) 

≡ 41,123 (𝑚𝑜𝑑 164) 

Example-5: Consider the congruence 𝑥2 ≡ 33  𝑚𝑜𝑑 44 . 

It can be written as 𝑥2 ≡ 3.11  𝑚𝑜𝑑 4.11 . 

It is of the type 𝑥2 ≡ 3𝑝  𝑚𝑜𝑑 4𝑝 𝑤𝑖𝑡ℎ 𝑝 = 11. 

The two incongruent solutions: 𝑥 ≡ ±11 (𝑚𝑜𝑑 44) 

≡ 11,33 (𝑚𝑜𝑑 44) 

Example-6: Consider the congruence 𝑥2 ≡ 57  𝑚𝑜𝑑 76 . 

It can be written as 𝑥2 ≡ 3.19  𝑚𝑜𝑑 4.119 . 

It is of the type 𝑥2 ≡ 3𝑝  𝑚𝑜𝑑 4𝑝 𝑤𝑖𝑡ℎ 𝑝 = 19. 

The two incongruent solutions: 𝑥 ≡ ±19 (𝑚𝑜𝑑 76) 

≡ 19,57  𝑚𝑜𝑑 76 . 

 

CONCLUSION 

Therefore, it can be concluded that the congruence (1) has a single solution 

𝑥 ≡ 𝑝  𝑚𝑜𝑑 2𝑝 , 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒, 

While the congruence (2) has exactly two solutions 𝑥 ≡ ±𝑝  𝑚𝑜𝑑 4𝑝 , 𝑝 being an odd prime and 𝑝 ≡

1  𝑚𝑜𝑑 4 . 

The third congruence also have the solutions 𝑥 ≡ ±𝑝  𝑚𝑜𝑑 4𝑝 ,𝑤ℎ𝑒𝑛 𝑝 ≡ 3  𝑚𝑜𝑑 4 . 

MERIT OF THE PAPER 

First time the author has presented a formulation for the solutions of the said congruence.  The solutions can be 

obtained orally. Therefore, formulation is the merit of the paper. 
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